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Abstract

Long molecules of DNA have the statistical properties of a worm-like coil. Deviations from linearity occur both because
of small dynamic bends induced by thermal motion and from a random distribution of static bends. The latter originate in the
different conformations of each of the possible base pair sequences. In this paper a statistical theory of the persistence length
of DNA is developed which includes both static and dynamic effects for each base pair sequence, as well as the
sequence-dependent correlations of bending angles. The result applies to a generic DNA, i.e., the average over an ensemble
of all possible sequences. The theory is also applied to the generation of the average properties of curved DNAs by an
analytic method that includes dynamic averaging as well as correlated bends. These results provide information which
supplements that obtained by others using Monte Carlo methods. The additivity relation 1/P =1/P,+ 1 /P, proposed by
Trifonov et al., where P is the persistence length and P, and P, are the persistence lengths arising from purely static and
dynamic effects, respectively, has been verified to be accurate to better than 0.5%. This is true for both a simplified model
and one that includes a complete set of static bends at all base pair sequences.
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1. Introduction One of the proving grounds for the existence of
local bends in DNA is the study of natural and
synthetic curved DNAs, which can be observed ex-
perimentally by gel separation techniques, hydrody-
namics in solution and by electron microscopy. Three
theories are current for the origin of the local struc-
tural changes which accumulate to observable curva-
ture. The junction model of Wu and Crothers [5]
places the bends at the ends of tracts of A or T
sequences (dA, - dT,, n > 4) which are assumed to
form a different type of helix. The wedge model of
Trifonov [6] assigns a specific structural bend of 8.7°

It is now generally accepted that DNAs form
helices which contain small, systematic, sequence-
dependent deformations. These deformations can
usually be interpreted as small local bends in the
propagating helix axis. The evidence for such bends
has accumulated from the study of curved DNAs
[1,2] and from crystallography [3]. For many years
Trifonov called attention to the possible role such
deformations could play when proper phasing per-
mits them to accumulate to an extended curvature

[41. at each occurrence of the dA,-dT, dinucleotide.
Theoretical studies [7-9] and the crystal structure of
* Corresponding author. DNAs containing A-tracts [10,11] indicate that A-
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tracts are not curved, leading to a curved general
sequence model [7-9,12,13]. This third model is
exactly the opposite of Trifonov’s, since it proposes
that the non-A tracts are the source of curvature,
while the A tracts provide proper helical phasing.
This issue is as yet unresolved. The present paper
makes use of the ‘nearest neighbor approximation’
[14], deals mainly with long, random sequences of
DNA, and will not contribute directly to the problem
of determining the correct model.

Another effect of statistical, local bending of DNA
helices is the reduction of the persistence length, and
other measures of polymer extension in solution.
Traditionally, the limited persistence of helical orien-
tation in DNA is assumed to arise from the thermal
excitation of helical bending modes. This agrees with
the common, but not quite accurate, perception that
the persistence length is a measure of chain stiffness.
It is in fact a measure of length propagation along a
starting axis: the direction of the first bond. It is a
memory function, and depends on how far one can
go down a random polymer chain before memory of
the orientation of the first link is lost. Any kind of
bend, stiff or flexible, will result in reduced persis-
tence. As a result permanent structural kinks can
reduce the persistence length as well as thermal
flexing. This viewpoint has been examined in a
recent paper of Trifonov et al. who investigated the
effect of small, fixed structural bends (wedges) on
the persistence length of DNA and proposed a struc-
tural as well as stochastic origin for the persistence
length of DNA [15].

In their paper Trifonov et al. performed a Monte
Carlo calculation of the effect of fixed bends in the
absence of normal flexibility. They assumed a given
length of DNA, generated a large number of ran-
domly selected steps of this length, placed an 8.7°
bend at each AA and TT sequence, and then calcu-
lated the average end-to-end distance of the sample.
The calculation was repeated as a function of length
and base composition. The chains were straight ex-
cept for the randomly located fixed bends, so that the
only mechanism for chain reorientation was the
wedge model discussed above. From the average
statistics of these relatively short chains, estimates of
the persistence length of long chains were obtained
using a formula for the dependence of the persis-
tence length on chain length [16]. This is the equiva-

lent of calculating the average persistence length of a
very long DNA molecule with a random sequence,
as required in Eq. (2) below. It was found that the
persistence length of a random-sequence DNA with
an AT /GC ratio of unity was about 635 base pairs.
This is about four times the experimental value for
the persistence length (which depends on ionic
strength). Their conclusion was that a significant, but
not dominant, part of the bending of DNA arises
from the presence of fixed bends. Finally, using
heuristic arguments they proposed that the persis-
tence length, P, of DNA can be decomposed into
two parts

1/P=1/P,+1/P, (1)

where the terms on the right refer respectively to the
persistence based on thermal bending and on struc-
tural bending. Trifonov et al. refer to these as ‘dy-
namic’ and ‘static’ persistence lengths. We will also
make use of this terminology but we will also em-
phasize that these two designations are not mutually
exclusive. The real difference between a straight
linkage and one associated with a wedge is that in
the first the equilibrium propagation angle is as-
sumed to be 0° and in the second it is not. Both types
of link are flexible in principle.

It should be recognized that one cannot physically
define a static persistence length for a fixed sequence
of DNA. The static conformation of a sequenced
DNA with fixed angles, straight or otherwise, is a
three-dimensional structure. There is no limiting per-
sistence length. It is only by averaging over se-
quences that the static persistence length has mean-
ing. However, it is shown in Appendix A that the
persistence length of a heteropolymer is in fact an
average over the all sequences that are generated by
starting at each unit of the chain and going in both a
forward and backward direction. For a long DNA
with an unbiassed random sequence this average
does converge to give a static persistence length as
shown by the calculations of Trifonov et al. and
those which are presented below.

As in previous discussions [16-18] we will be
representing DNA as a chain of simple structureless
vectors which keep track of the local direction of the
axis of the duplex structure. This is the virtual bond
method [19]. Recently other investigators have started
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with dynamic models of the complete atomic struc-
ture of DNA [20-24].

The relation of this work to the present approach
will come up later in the discussion of results.

2. Analytical calculation of the persistence length

This paper will present an analytical solution for
the persistence length of DNA which includes both
thermal flexing and kinks or wedges. In the calcula-
tions it will be assumed that dynamical bending
events are independent of one another, i.e., that the
state of bending at a given link does not affect the
average angle of bending at other links. In addition
the formulation will average over all possible se-
quences of DNA with a given base composition.
Thus the results are for a generic, not a sequenced,
DNA. This point of view differs from other treat-
ments of this problem [25] and will be discussed
further below.

2.1. Persistence length for heterogeneous chains

For an ordinary homogeneous chain molecule it
follows from the theory of worm-like coils that the
mean square end-to-end distance, k2, is related to the
persistence length by the formula
h*=2PL (2)
where P is the persistence length and L is the
contour length of the chain. In the appendix it is
shown that this formula applies for sequenced, het-
erogeneous polymers as well, provided P is inter-
preted as the average of the persistence length using
all units as starting points and in both directions. It
will be useful to demonstrate by examples the way in
which the persistence length depends on direction
and position in a heterogeneous system where there
is more than one mode of chain propagation. From
its definition (Eq. A2) P is given by

P=/(1+{cos 6,,) + {cos 0,3
+(cos B, + - +)

and is evaluated by successive projections down the
chain (Fig. 1). / is the length of a link, the height
per base pair in our calculation, and {cos 6, is the
average of the cosine of the angle between the jth
and kth links. If there is no correlation between
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Fig. 1. Isotropic bending. The heavy lines. AB, BC, CD represent
three links in the chain. Because the bending is isotropic, the
distribution of the link CD possesses cylindrical symmetry relative
to BC, indicated by the conical set of loci. CD' is the mean
projection of CD on the axis defined by BC. Since BC is also
disposed about AB with cylindrical symmetry, CD' is subse-
quently projected on the axis of AB to give C'D”. For unit length
this projection is the product of the averaged direction cosines
{cos 8, )(cos 8, .

successive bends and the bending is isotropic, then
the evaluation of a typical term consists of a series of
nearest neighbor projections. If there is only uniform
thermal bending, the only parameter is a =
(cos 6,,) and it is easily seen [26] that (cos 6,,) =
a *1 (Fig. 1). This converts the above equation to
an ordinary geometric series and leads to the stan-
dard formula:

P=/(1+a+a"+a'+a'+ )=

(3)

On the other hand if there are static or structural
contributions to the bending of the chain, which
depend on the identity of neighboring base pairs
(wedges), the sum will depend on the sequence, and
therefore on the location of the starting point and on
direction. In papers which start with the atomic
structure of DNA and interactomic potential func-
tions, a more complete description of local deforma-
tions is obtained in terms of the bending, twisiting
and displacement of base pairs. The relationship
between the structural work and the virtual bond
method has been discussed recently [21,23].

In heterogeneous polymers the persistence length
depends on the starting position, the direction, and
the contiguous sequence. This is most easily seen
with an extreme example. We take a chain with
linkages that are either straight, {cos #) =1, or at
right angles {cos 6 = 0. In this case encountering a
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right-angle link anywhere in a sequence will make
the product of projections zero if it includes this link.
We take an example of a polymer with a right angle
between links 10 and 11 between 20 and 21, and «
links everywhere else. Recall that the links are vec-
tors connecting base pairs, not the base pairs them-
selves. Links are numbered by the number of the
lower of the base pairs they connect, regardless of
the direction of propagation. Thus P, refers to the
link between base pairs 1 and 2; P, starts at the link
between base pairs 3 and 2, etc. Then P} =10/
P, =2/, P{ =6/; P,=8/; P,=3/; etc,
where + indicates direction in which the persistence
is propagated and the subscript labels the starting
unit. The unit & is the starting link for both P; and
P, . We are using the notation of the appendix. Note
that the series can terminate either by encountering a
right-angle unit or by arriving at the end of the chain.
It is the average of these possibilities over all the
units of the chain as starting points that must be
inserted in Eq. (2). For real DNA (cos 8) will
always be a number slightly smaller than unity and
the persistence length will not show so marked a
dependence on sequential position and direction as in
the example.

Initially we consider the earlier Trifonov model
with static bends at AA and TT sequences [15]. Later
this will be generalized to a full set of static defor-
mations [27].

2.2. Propagation properties of the Trifonov model

Any calculation of the persistence properties of
DNA is dependent on the average geometrical prop-

erties of adjacent links. Fig. 2, reprinted from Ref.
[18], may be used as the representation of an instan-
taneous bend in DNA. The segment 4, represents
the site of the wedge, which is crudely represented as
a gap in a broken cylinder. The length /B can be
introduced into the calculation [18], if the actual
structure of the bend is known but will be ignored
for the present purposes since it will be very small
for a small bend between base pairs. Papers which
start with structural models explicitly account for
this gap, which can include a local translation as well
as a bend [23]. The instantaneous angle between
units b and m in the figure will be symbolized in
general by 6. If 6 is normally zero (a dynamic bend)
it will be written as 6, Bends in DNA are often
classified as static (i.e., a fixed wedge angle) or
dynamic (no wedge but with an average bend pro-
duced by thermal agitation). Since DNA is a confor-
mationally flexible structure, all base pair sequences
should be considered as dynamic, so 8 will be
written as the sum of a static and dynamic compo-
nent,

9=10,+6,. (4)

6, refers to the fixed equilibrium angle of the wedge
and 6, refers to the dynamic or fluctuating thermal
displacement. The conformational average {cos 0)
will appear frequently in the analysis. It is given by

(cos 6) = cos 8cos 6,) + sin 6 sin 6; cos ¢,)

where the latter term averages to zero if the thermal
bend is isotropic about the direction of the fixed
bend, or less stringently if the potential energy of the

9°co? 8,
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Fig. 2. Representation of a structural bend. See text and Ref. [18] for details.
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thermal bend has C2 symmetry. We then have:

(cos 8), = cos §cos 6,) (5)
or
o= ClS ad.

The second line is a definition of a, and «, as the
cosine of the fixed wedge angle and the average
cosine of the dynamic component, respectively. Ac-
tual potentials are calculated in the works of De
Santis, Zhurkin, Olson and Beveridge [28—-
30,21,25,23] so that these averages may be calcu-
lated. With the same assumptions it may be shown
that the average of the sine of the wedge angle is
given by

(sin 6) =sin §{cos 6,) = 0, . (6)

For simple models which do not take into account
the angular correlations of bends imposed by the
helix geometry, o, and «, suffice for the calcula-
tion of the persistence length.

For isotropic bending with a quadratic depen-
dence of energy on 6, {cos 6;) may be Boltzmann
averaged with the result

(cos 6> = exp| — 467 /2] (7

where A6 is the mean square thermal fluctuation in
6, which is related to the bending force constant %,
by A6 = kT /k, [16]. This presents a better picture
of ay; which should be viewed as the Brownian
decay of a vector component rather than as the
cosine of an angle.

2.3. The AA wedge model

Factors which influence the persistence length
when static bends are present are (1) the base com-
position of the DNA which affects the probability of
various pair sequences, (2) the correlation of static
bends with the occurrence of specific sequences, and
(3) the correlation of the relative orientation of bends
determined by their fixed orientation in the base pair
framework and the helical geometry which correlates
orientations over large sequences. (Static links are
not isotropic. If the first AA sequence on the left of
AAACGAAT is inclined in the x direction, then the
second AA will be at a positive angle of approxi-
mately 36°, and the third AA will be at 180°. These

correlations, ignored in the first two models, are
important in determining the shape of the DNA
molecule even when averaged over all sequences).

We will develop our conclusions by adding these
factors in steps, one at a time. This will help to make
clear the manner in which the above factors enter the
theory and test the adequacy of various approxima-
tions which have been made in the literature. Finally,
the simple AA wedge model will be dropped and a
formulation will be presented in which thermally
agitated static bends in fixed orientations are associ-
ated with all 16 pair sequences.

A primitive result

If one makes the unrealistic assumptions that
there is no correlation in link sequence and no
correlation in the orientation of wedge angles (bends
are isotropic), then the solution to the problem has
already been presented as Eq. (5) of Ref. [18]:

1
P//=
/ 1 —p,{cos 64— plcos ),
: (8)
1~piay—paga,
or in more general form
Py (8a)

T 1= ((cos 0))

where the double angular brackets indicate averaging
over sequence as well as over bending angle. Here
p, is the probability of an AA or TT link between
base pairs and is 1 /8 for a DNA with a composition
of 50% adenine /thymine. p,, equal to 1 — p_, is the
probability of an ordinary link. The gap length, /;
in Fig. 2, which should be very small for a narrow
wedge, has been taken to be zero. The second form
of Eq. (8) shows that the standard formula, Eq. (3),
is applicable but that (cos 8) is averaged over both
ordinary and bent links. It has been assumed that the
stochastic part of cos 6 is the same for both static
and dynamic bends. We thus assume a symmetric,
conical distribution of link vectors around the equi-
librium orientation that is the same for bent and
straight links. This is not necessary for the theory,
but at the present time it is necessary for application
to experiments. The formalism can be easily modi-
fied, not only to take into account the difference
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between bent and straight links, but also a different
a,; can be assigned to each type of link if the
requisite information is available.

Inverting Eq. (8) and eliminating p,,

l
F=(1—ad)+ad(1_as)ps' (9)

This relation obeys Eq. (1) rather accurately. If
there are no wedges, a,=1 and from Eq. (8),
//Py=1— a4, where P, is the dynamic persistence.
This is the first term of Eq. (9). If there are wedges,
but no flexibility, then ;=1 and from Eq. (8)
//P, = (1 — a,)p, where P, is the static persistence.
Since «, differs from unity only by a few thou-
sandths, this is essentially equal to the second term

of Eq. (9).

Sequence correlation, but no orientational correla-
tion

The approximations that lead to Eq. (8) are not
very good, though it will be seen that they provide a
better estimate than one would suspect. The mathe-
matics will now be expanded to evaluate properly
the probabilities of sequences of dynamic and static
links while the orientation of bends will still be
assumed to be uncorrelated. Comparing later results
with Eq. (8) or (9) will provide a measure of the
importance of the two types of correlation.

The initial problem is to calculate quantities like
{cos 6, +n)» keeping track of sequence correlations.
We do this as before by starting out at link j + n and
projecting back one base pair at a time until we
arrive at the jth link. The addition of a base pair
increases by unity the number of links as well as the
number of base pairs. If the bends at each link are
considered to be isotropic, the only projections which
survive are along the links, i.e., a4, and {cos 8), =
a, a, (Fig. 1). The projection of link j+ k onto link
j is done by forming a product of matrices made up
of these projection cosines [19]. The matrix

A T X

A | X ay
T oy aga, ay
XV o o ay
o, 1 1

=y 1 g 1

1 1 1

has the property of assigning the correct projection
for each type of pair sequence. Since the choice
between cytosine and guanine is irrelevant for the
present problem, the entries for these have been
combined to a single entry X = C or G. The direc-
tion cosines must be multiplied by the probability
that the added base is A, T, G or C. We will define
the probability of A or T by p, = py; the probability
of Xisthen p,=1—2p,. If p, is1/4, py=1/2.
The matrix containing both probabilities and projec-
tions is [19]:

Pty Pray Pxay
M=1| p.a, Pra s Px0y (10)
Paty Pray DPxay

Inspection will show that this matrix allots a proba-
bility of +p32 to pair sequences consisting only of A
and T, p, py to sequences containing X and A or T
and pj to XX sequences.

The projection down n links is

1
<COS 0];]+n> =(pA’ P> px)M”(l) (11)
1

The left row vector takes care of the initial base in
the sequence and the right column vector collects all
the terms which represent the projections and the
probabilities for each possible sequence. The persis-
tence length is the sum of all such projections (n =
1, =) plus the first link. This can be written as

s 1
P/f'={pas Pr> px)(H )y M") 1)

k=1 1

=<pA,pT,px)(I—_lﬁ)(i) (12)

where I is the unit matrix. Note that, just as in Egs.
(3) and (8), we are summing a geometric series,
though the element of the series is now a matrix.
The matrix I—M is 3 X3 and can be inverted
analytically for an algebraic solution to the problem.
Assuming p, = 1/4 the solution may be written

a1l - o)

l/P=1—q, + —mM————
/ % 8+ ay(1—a,)

(13)
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after some tedious rearrangements. Egs. (9) and (13)
are essentially identical for practical cases. p, =1/4
in Eq. (10) is equivalent to p,=1/8 in Eq. (9).
According to current data a, and a4 are both of the
order of 0.99. With this value the second term of the
denominator in (13) can be neglected with negligible
error, leading to a complete equivalence of the two
results. Evidently, sequence correlations without ge-
ometric correlations have a negligible effect on the
static persistence length of DNA.

The AA wedge model with sequence and angular
correlation

We now consider the complete problem using
geometric-stochastic matrices of the kind discussed
in Flory’s book [19]. In general one needs a matrix
which will project a vector in the coordinate system
of a link onto the coordinate system of the preceding
link. The total transformation of a vector in unit
j+n into the coordinate system of j is then a
product of n such matrices.

For static bends the projections on the x and
y-axes of a neighboring base pair unit no longer
cancel out on averaging as in Fig. 1. Dynamic or
static bending will then project these components
onto the z component of the next base pair, etc. In
addition, if the mathematics is a faithful reflection of
the physical system, properly phased wedges will
introduce real curvature in the DNA and this curva-
ture will be represented by non-vanishing x and y
components.

A local coordinate system must be chosen and we
use that of Bolshoy et al. [27], which has also been
used by one of us in an earlier work [31]. The z-axis
will be chosen as the local helix axis as estimated for
straight DNA. Duplex DNA has two sets of pseudo-
dyad axes [31]. The standard set lies within the base
pair and interchanges the nucleotides of the base
pair. The second set lies between base pairs and is
generated from the first set by half the helical screw
operation. These screw axes interchange neighboring
base pairs. We will define the local x-axis to be
along the second type of dyad axis with positive x
on the side of the major groove [32].

The orientational angles for bending can now be
read directly from the table of Bolshoy et al. [27]. In
place of each of the scalar elements in the matrix of
Eg. (10), we now require a 3 by 3 matrix to trans-

form vectors in the three dimensional space of the
link vectors. This complete matrix takes the form

A T X
A PAM > prMy) py(My)
<Mg> =T | pAMy) pMyy) py(Mp)
X PAMy>  p(M) py(M)

py=1-2p, (14)
This is a 9 X 9 matrix. The 3 X 3 blocks pertain to
the sequence of A, T and X as before. Individual
rows and columns refer to Cartesian coordinates. For
example the element (2, 6) refers to the y compo-
nent of A and the z component of T in an AT
sequence. The p factors introduce the probability of
an A, T or X at any location in the sequence. The
three types of submatrices are for the static and
dynamic bends at AA and TT and for the dynamic
bends at all other sequences. Each pair sequence of
bases is associated with the correct matrix for its
geometric propagation.

The matrix we require for a dynamic or thermal
bend, M, has some subtle properties. It must allow
for bends to occur stochastically at an angle ¢,
which is a destruction of orientational memory of the
links, yet keep strict track of the helical geometry so
that the wedge bends will occur properly phased
with respect to one another.As shown in Appendix B
the matrix for random bending at a link is given by

(1+ay)/2 0 0
(M(6,)) = 0 (T+a,)/2 0
0 0 ay

(B.3)

To obtain (M) we multiply (B.3) by the matrix for
a helical rotation of angle ¢, about the local z-axis,

C(1+a)/2 -S(1+a,)/2 0
My =[S(1+e)/2 Cl+ea)/2 0
0 0 @,

(B.5)

where C=cos ¢, and S=sin ¢,. It should be
noted there is accumulated evidence for a depen-
dence of ¢, on pair sequence and values have been
proposed for all ten distinct types of pair-sequences.
This variability is ignored in the present calculation,
but is taken into account in the next two sections.
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The matrices {M,,) and (M ;) contain the
following operations: (1) generating the average dy-
namic bending component, (2) locating the angle,
¢,, where the bend is to take place, (3) bending by
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the angle 6,, and (4) rotating by the helix angle.
These steps and the resulting complete matrix, (B.9),
are outlined in Appendix B.

1+a 1+ a
: “(cb, - cg? + 5¢7) 3 “cq, sech— 1)
1+ ay l+ay 2
Mij=Mh' > CQDS'S(pS(COS* l) 2 (C‘Ps +S§Ds 'Ces)
1+ a4 1+ a4
- D) (o728 'Ses - P s‘Ps'sgs

Ay CPg- sos

ay - S, SO,

ay - ch,

(B.9)

where M, is the matrix for the helix operation.

The matrix, (M, ), can now be used to generate
the persistence length exactly as in the previous
section except for appropriate changes in the end
vectors:

P/=1v-

I, + i <M9)k) TV
k=1

1
=lV'(m ‘' IV (15)

where I, is the 9 X9 identity matrix, lv is
0, 0, ps, 0, 0, pr, 0, 0, py) and rv is
0,0,1,0,0,1,0,0,1)" where t indicates trans-
pose. The forms of Iv and rv stem from the fact that
for the persistence problem we require the projection
of the z component of one base pair unit onto the z
component of another. Though Eq. (15) is the final
solution for the AA wedge model, it is not practica-
ble to present it in analytical form. An algebraic
inversion of (I, — {M,)) produces expressions con-
taining more than 300000 terms. One can evaluate
Eq. (15) for each set of values of the parameters, or
one can evaluate all but one of the parameters and
invert the matrix with only one variable, since this
produces a ratio of polynomials in the selected pa-
rameter of order no higher than the ninth.

Calculated results and discussion of the AA wedge
model

We now have three models described by three
formulas (Egs. (8), (13) and (15)) for the persistence
length of the AA wedge model, though only Eq. (15)
takes into account all the features of the physical

model. Calculations based on the three equations are
presented in Fig. 3 as P1, P2 and P3. The results
for Eqgs. (8) and (13) differ by less than a part in a
thousand and are not distinguishable on the graph.
The dynamic factor @, is used as a variable in the
calculations and the parameters were set at the fol-
lowing values.

Fraction A (or T): Dpa = 0.25;
AA/TT wedge angle: 6, =8.7° [15];
helix angle: 8, =360/10.4 = 34.6°
AA bend at b, = —155° (271;
TT bend at b, = +155° [27].
— . P1ap2
‘ P3
2000
E .
o .
§ 1500 {
g |
8
% 1000
&
oso T s osw U Tosss T ow
o

Fig. 3. Comparison of persistence lengths calculated by Egs. (8),
(13) and (15), referred to respectively as P1, P2 and P3. The
horizontal lines represent the range in which persistence lengths
are normally observed experimentally.
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Eq. (15) was solved with both Mathematica and
Fortran programs in terms of the unassigned variable
ay.

(a) Static persistence length. Angular correlations
cause a distinct, but small, reduction in the persis-
tence. At ay=1 the dynamic contribution to the
persistence disappears and P=PF. Angular correla-
tion reduces P, from 2365 A which is obtained with
Eq. (8) or 12 to 2080 A with Eq. (15), a reduction of
about 7.5%. These numbers are dependent on the
particular geometry of the AA wedge. Because of the
screw axis between base pairs, conjugate sequences
like AA and TT or AC and GT have related az-
imuths, ¢,, for the bend which they have in com-
mon. For example the AA bend of 8.7° is oriented at
an angle of —155° relative to the dyad axis using the
angular convention of Bolshoy et al. A rotation of
180° about the interbase dyad axis converts this to
the bend for the TT sequence at + 155°. For conve-
nience we define the angle A via the relation ¢, =
180° + A, where for AA and TT, A = 25° giving a
50° difference between the values of ¢, depending
on whether it refers to TT or AA. If this angle is
varied over the set 2A=(0° 45°, 90°, 135° and
180°), the static persistence length in A assumes the
set of values (2192, 2098, 1903, 1741, 1682). That
this azimuthal effect can be quite large stems from
the fact that at 24 = 180, AA sequences separated
by 10 base pairs can act synergistically with TT base
pairs at intermediate separations of 5 base pairs.

(b) Relaxed DNA. The horizontal lines in Fig. 3
represent rough upper and lower limits of the range
of persistence lengths observed experimentally. The
variation stems mostly from changes in ionic strength.
For the dynamically bent segments an increase in a,
is a good representation of the ionic strength effect.
For the wedge segments one would expect that at
lower ionic strength 6, would be decreased and the
distribution leading to «, would be distorted to
favor straighter chains. There is no way that we can
evaluate the latter effects at the present time. We will
assume that the generic persistence length of B-form
DNA is about 500 A in the relaxed state at high
ionic strength [33-35]. For a persistence length of
500 A we_interpolate a, to be 0.9948, leading to
P, =654 A. Thus the presence of static AA bends
reduces the persistence length from 654 to 500 A
This is about a 25% contribution to the persistence

length by static bends.(c) Comparison of models.
The differences between models 1 and 3 is only of
the order of 2—-3% in the important region between
the horizontal dashed lines of Fig. 3. Because of this
an estimate of the contribution of static persistence
length can be made on the basis of the wedge angle
and the base composition alone, provided that the
base composition is not too abnormal. It is the
random positioning of static bends that lowers the
persistence length. If wedges are highly correlated in
sequence they result in curved contours for which
the concept of persistence is not usually applicable.
An extreme example is poly(dA:dT) which will
have an infinite static persistence length.

(d) The additivity formula. Eq. (1) is astonishingly
accurate for all three models. Using the relation
P,=P(ay=1), and evaluating P, as a function of
a, with Eq. (3), we can compare values of P1, P2,
and P3 with the calculated value from Eq. (1) over
the full range of values of «,. The relative error
never exceeds 0.16% for P3 and 0.13% for P1 and
P2. This shows that it is possible to do the single
calculation of P, using matrices (M) and M,; with
@y = 1, and then calculate P3 using Egs. (1) and (3).
Alternatively P, could be estimated from a Monte
Carlo calculation as was done by Trifonov et al. [15]
and then use Eq. (3) to obtain P3 as a function of
a,. The value for P, of 2160 A obtained by them
compares very favorably with the the analytical value
of 2080 A obtained from the P3 calculation. Finally
one could do the approximate calculation mentioned
in the previous paragraph and accept the small error.
This clean separation of dynamic and static contribu-
tions probably stems from the fact that the model
uses the same o for both straight and bent seg-
ments.

(e) Dependence on base composition. Fig. 4 shows
the dependence of the persistence length on composi-
tion from the full range of p, =0, (p. =0.5; ps =
0.5) to p,=0.5, p;=0.5. P3 represents the full
calculation and P1, the approximation of Eq. (8).
Only the central parts of the curves are meaningful
since at the extrema there will be many homopoly-
meric stretches and alternating copolymers which
deviate from the B-form. In the neighborhood of
ps = 0.25 both curves are nearly linear. It is seen
that the AA wedge model predicts that DNAs which
are 40% AT should have a persistence length which
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Fig. 4. Effect of variation of base composition on the persistence
length of the AA wedge model using «y = 0.9948.

is about 20% longer than DNA’s which are 60% AT.
This is because this model has only one type of static
bend. The effect is reduced when the small wedges
of every dinucleotide step are considered, as will be
seen in the next section.

The general wedge problem
The previous section has described a prototypical
model: one with only one kind of wedge. Calcula-
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tions on systems of this kind have been performed
by a number of workers previously, but normally by
computer methods involving molecular dynamics or
Monte Carlo calculations rather than in closed form.

The work of the previous section can be general-
ized immediately to include a different type of wedge
for each of the 16 possible pair-sequences. Such a
calculation is now at least feasible: values for all 16
wedge angles and their orientations have been re-
cently estimated, experimentally [27] and theoreti-
cally [14].

The generalization of the arguments above to four
types of bases and sixteen types of pair-sequences
leads to the 12 by 12 matrix

A T G C
A PaMas PrMar PMyg PcMyc
M, = T | PaAM1a PtMpr pcMig pcMoc
° G | paAMga PrMgr pMgs PcMge
¢ PaMca PtMer PgMcg pPcMcc

(16)

Where p, represents the probability of base J in the
sequence and M, is the transformation matrix for
the sequence IJ. Since all pair sequences are poten-
tially associated with static bends, the 3 X 3 sub-
matrices have the form

1+ ay 1+ a,
s (cboc@l+s¢l)  ———ca se(ch—1)  aycq s,
1+ ay 1+ ay
M, =M, 5 ce, - se(ch, — 1) 5 (co’+50)ch) ay- 5@ -sb, (B9)
1+ oy 1+ ay
I ce, - sb, I s, - 56, ay - ch,
The formula for the persistence length of the stochas- where I, is the 12 X 12 identity and lv =

tic wedge model is then

P/ =l

=,v(

I+ i(Mn)")rv
k

Jr

1
I12 - <M12>

0, 0, p,, 0, 0, pr, 0, 0, p5, 0, 0, pc), rv=
0,0,1,0,0,1,0,0,1,0,0, D"

Values for the thirty parameters (6,, ¢, and ¢)
required for the ten types of base sequences were
obtained from [27] and [36]. These will be referred to
as the BMHT parameters. This calculation must be
regarded as highly provisional and is presented
mainly to demonstrate the application of Eq. (17).

(17)
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Fig. 5. Comparison of the complete multiwedge calculation (Eq.
(17)) based on the parameters of Refs. [27] and [36] with a simple
model using uncorrelated averages (Eq. (8a)).

The values of all 30 independent parameters are
presumably at an initial stage of estimation. For
example the change from the single-wedge to the
many-wedge model caused 6, for AA to change
from 8.7 to 7.2 degrees. In addition the theoretical
[14] and experimental values [27] are not the same.
The upper curve of Fig. 5 shows the persistence
length of DNA calculated via Eq. (17). The curve is
significantly lower than that obtained by means of
the AA wedge model (Fig. 3) and extrapolates at
= 1] to a static persistence length of 1370 A. This
1s not surprising since this model has static bends,
ranging from 0.8° to 7.6° at all but one of the base
pair sequences. The AG = CT wedge has an even
larger angle (7.6°) than AA = TT (7.2°). Taking this
value of P, and evaluating P, as (1 — ay)"', the
additivity formula, Eq. (1), once again agrees with
the results of the full matrix calculation to about one
part in a thousand over the range of «, of Fig. 5. If
we assume that reldxed DNA has a total persistence
length of about 500 A, it is found via Eq. (1) that
P, =787 A and the fraction of 1 /P which arises
from static bends is about 36%. Even if the values of
the parameters require further refinement, this may
well be a appropriate estimate since the presence of
small static bends is now being generally accepted.
The interesting aspect of this calculation is that only
about 2 /3 of the loss of directional memory of DNA

arises from flexibility, the other third being produced
by the cumulative disorientation generated by ran-
domly distributed small kinks.

The lower curve in Fig. 5 was calculated using
Eg. (8a) in the form

1 1
1= ({cos 8))  1— aylcos 6.)

where {cos 6.) is the average over all 16 bending
angles of Ref. [27]. This calculation neglects both
sequence and bending-orientation correlations, i.e,
the relative orientation of two static bends in a chain
depends on the number of base pairs between them.
It is seen that the primitive model is not nearly so
accurate when static bends are present in high den-
sity as it was in the single wedge model. The error in
P 1s about 26%. For DNA in high salt with a total

S

persistence length of 500 A, the error is about 11%.

P/ = (8b)

Application to specific DNA sequences

The generator matrices which have been used for
the generic persistence length, i.e., averaged over all
possible sequences, can be used for specific se-
quences as well with two changes: (1) the matrix
powers must be replaced by an ordered product of
matrices which follows the order of the sequence, (2)
the 3 X 3 matrices, M,,, given above in Eq. (B.9)
are to be used rather than the 12X 12 matrices
which distribute sequences over all possibilities.

Assuming that the initial link of the chain is in the
z direction, the link vector, I,,. of the mth helical
unit is given by

m 0 m
I/ = ( I1 MQ,J;) o =1 < (18)
k=2 1 <’,,,>

where the index J, is the value of J(= A, T.G, or C)
associated with the kth unit in the helix and I, | is
the value associated with the previous unit. The
quantities {x,), {y,> and (z,) are the average
direction cosines of the mth link vector in the frame
of the first link, and provide a measure of curvature
and flexibility.

If the helix is rigid and straight the vector I, /~
will have the form (0, 0, 1)' meaning that the direc-
tional information of the first link is perfectly main-
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tained and that the unit is rigid. (Superscript t means
the transpose of a vector or matrix).

If the links are all straight on the average, but
with thermal averaging over small distortions, then
I,//=(0,0,(z,))" with {z,) < 1. This indicates
that the sense of the original direction is maintained
but that it is not quantitatively transferred. The value
of {z,) is a real measure of flexibility (or rather of
thermal flexing) with unity indicating perfect rigid-
ity, € zm) is the mth unit’s contribution to the persis-
tence length. For a simple chain governed by Eq. (3),
(z,,) is a]~!. Note that for this case most chains in
the ensemble will have x and y components, but
these will cancel out by symmetry.

If I,// has the form ({x,){y,>{z,») with
(x,, {y,» and {z,) all different from zero, then
the molecule is curved, since the mth link has an
average direction different from the first. If {x, )2 +
(y)y + <z, % =1, then the chain is perfectly rigid
though bent or curved. This the case for pure static
bends. The shape of the chain is deterministic and
the averaging symbols can be dropped. If the initial
unit in the chain is rotated by an angle, the entire
chain including I, is rotated. The x and y compo-
nents are relative to the orientation of the initial unit
of the DNA. The quantity (x2 + y2)'/? is a measure
of the perpendicular component and (x2 + y2)/%/z,.
is the tangent of the angle between the first and mth
links.

If I,// has the previous form but (x,)° +
(Vm ¥+ (z, 2 < 1 then the chain is both curved and
flexible. ({x,, ¥+ (Y ¥ {z, ¥)/2 is a measure
of the determinacy of the chain contour over m
links, with unity corresponding to perfect determi-
nacy, and 0 a complete loss of determinacy because
of dynamic flexibility. A rough estimate of the change
in direction achieved at the mth unit may be ob-
tained by evaluating ((x, )" + (y,)")/?/{z,) as
the tangent of an angle of bend. The angle calculated
will be only a semi-quantitative representation, not a
simply a mean angle, since one cannot do trigonome-
try on mean values of an ensemble of direction
cosines.

Flexibility and curvature resulting from static
bending are seen to be separable via Eq. (18) and the
above criteria provide semi-quantitative measures for
them.

The end-to-end vector, h, of a DNA containing n

base pairs can be generated by adding the contribu-
tions, I,, of the n links by vector addition,

m 0 (ko
h=/{1+2 HM,HM)}- o] =<
k=2 1 <hz>

(19)

(h,) is the persistence [16] of the chain and be-
comes the unperturbed persistence length [19] for
n—o; (h,) and (k) are the mean distances that
the chain has deviated from straightness when the
nth link is reached; and I is the 3 X 3 identity
matrix. Eqs. (18) and (19) combine to give a picture
of the shape of a DNA molecule. Eq. (19) gives the
mean x, y and z positions of the link and Eq. (18)
calculates the mean projections of the link on the x,
y and z-axes, thereby yielding information on both
position and orientation. The value of (zm> relative
to unity indicates the decrease of directional memory
owing to stochastic processes at the mth link. Com-
paring |h| with the contour length, L, indicates the
loss of direction by both static and dynamic pro-
cesses. In general these interpretations are available
only by theoretical calculation, since the experimen-
tal quantities are the persistence length and the re-
lated properties h? and the radius of gyration. On the
other hand the statistical examination of electron
micrographs can provide information that is a two-
dimensional projection of the behavior described by
Egs. (18) and (19).

In Fig. 6 we present calculations based on these
equations. The DNA molecule is a 976 base pair
fragment of the kinoplast DNA of B. caudatus [37].
The BMHT parameters were used for static bending.
Two calculations were performed: one (labelled D +
S in the figure) with a, set equal to 0.99568 to give
a combined persistence length to the chain of 500 A
and a second (labelled S) with ay = 1.0 in order to
visualize the static conformation. In the figure both
chains start at the origin in the positive z direction.

The contour D + S represents the loci of average
positions of the elements of the chain. Because of
thermal agitation this chain loses a slight amount of
directional information with each step from the start-
ing link. As a result the link vectors connecting
successive positions become shorter and shorter the
further one is from the start. It is interesting to note
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that the direction of each link of the averaged chain
is identical to its direction in the static conformation.
This is a result of the assumption of isotropy of
thermal bending and is not a general characteristic of

1200
(el . S+D
| . 8
800
[
— F
< 400 |-
N [ N
ol X
400r—lll(lllJll|'ll
-400 0 400 800 1200
Y (&)
1200
(b)
- S+D
7 - 8
800
< 400 |
> b
0+ 3.
400 NS S L . L
-400 0 400 800 1200
Z A
1200 ©
¢ - 8+D
[ s
800
< I
>
400 |
o3 ENVERU BN RO S N
-400 0 400 800 1200
X (A)

the chain-statistical model. The average chain mim-
ics the features of the static chain but with ever
diminishing scale, till, when the last (976th) unit is
added the change in position of the endpoint is
imperceptible.

The D + S curve can be compared with the sim-
pler case of an ideal straight DNA with no static
bends and a persistence length of 787 A, which is the
same as the dynamic persistence length of the D + S
contour of Fig. 6. Because of symmetry all the link
vectors would lie on the z-axis becoming shorter in a
geometric progression with the limiting total length
of 787 A in complete analogy with the paradox of
Zeno. It is clear that the 787 A contour does not
represent the contour of a single DNA molecule, but
contains instead information on the average distance
from the origin of each of the links of the chain.

Returning to Fig. 6 the D + S curve does not
represent the contour of a DNA molecule, it is too
short by a factor of 30. Calculation shows that at 976
base pairs the apparent length of a link has been
reduced to 0.015 of its original length so that adding
another 1000 units with the same thermal flexibility
would only produce a small increment in the contour
shown regardless of its intrinsic shape. By analogy
with the statically straight helix, the far distant units
of the chain will follow a Gaussian distribution about
the limit point, which in this case is not on the
Z-axis.

This type of contour provides supplemental infor-
mation to studies like that of Olson et al. [25] who
have presented sample Monte Carlo calculations of
the effect of dynamic fluctuations on the shapes of
chains with curved equilibrium conformations. Their
analysis provides a picture of the variety and spread
of the contours of actual chains; the present analysis
displays the average positions and gives a clear

Fig. 6. The average conformation of the kinoplast DNA of B.
caudatus (976 bp) [37] The curves were generated with Eq. (19)
using the Bolshoy et al. parameters. The contours marked S were
obtained with a; =1 and represent the molecule with static bends
only. The contours marked D+ S have ay = 0.99568. This value
yields a total persistence length of 500 A. Both chains start at the
origin with the initial direction along the z-axis. They gradually
separate as thermal agitation disorders the D+ S contour. Points
are shown at intervals of 25 bp, so that the convergence of the
D+ S curves to a single point are visible. (A) YZ projection; (B)
ZX projection; (C) XY projection.
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image of the apparent shrinkage of the chain because
of dynamic flexibility.

3. Conclusions

This paper has presented an analytical develop-
ment of the statistical propagation of DNA chains. In
order to obtain formulas for the persistence length of
a ‘generic DNA’, i.e., the average persistence length
of all possible sequences of a given base composi-
tion, matrix methods were used to combine three
features of DNA molecules which have sequence-de-
pendent bends or ‘wedges’: (1) the geometrical fea-
tures of the bends, i.e., their angular deviations and
axes, (2) random variations of the direction of propa-
gation resulting from local thermal fluctuations in
structure, and (3) the proper distribution and correla-
tion of the 16 pair sequences in a randomly gener-
ated sequence. A formula was also presented for
application to specific finite sequences. The main
general results are Egs. (1), (15), (17), (18), and
(19). Appendix A contains a demonstration that the
persistence length of a heterogeneous DNA is an
average over all persistence lengths starting from
each link in the chain and going in both directions.

Any real DNA has a specified sequence, so it may
differ from the generic DNA defined above. Since,
as shown in Appendix A, the persistence length of a
DNA is an average of all the persistence lengths
which can be generated within it, a ‘normal’ DNA
will be one which provides a representative sample,
i.e., the same average persistence, as the total ensem-
ble of all sequences. A curved DNA (or other abnor-
mality) is one which, because of special sequences,
generates a distribution which is not a good represen-
tation of the total ensemble.

Like any other current theory of DNA structure
there are restrictive assumptions built into the model.
In the present case there are three assumptions which
need improvement. The first is that the thermal
fluctuations around the equilibrium orientation obey
an isotropic distribution. This is clearly an approxi-
mation since there is no structural isotropy in the
DNA units. Both experiment [12,38] and theory
[39,24,7] suggest that bends into the grooves would
require less energy than bends about other axes. The
second assumption is that DNA distortions can be

understood in terms of nearest-neighbor models [14],
i.e., that the local structure of DNA can be derived
from interactions only involving two base pairs in
sequence. This will be questioned by investigators of
curved DNA, where, as discussed in a recent review
[40], curvature has been definitely linked with the
presence of tracts of A-sequences longer than two
units. There is also substantial evidence that nearest
neighbor models are not adequate for treating se-
quence-dependent twist, roll and tilt for general se-
quence DNA [41,24,42]. The third assumption is that
fluctuations in the local helical angle have been
ignored. Such fluctuations will affect the direction of
the local curvature and hence the persistence proper-
ties of the chain. These assumptions have been made
because of the lack of quantitative information to
eliminate them: accurate potential functions for
bending, and a specific geometry for A-tracts and
their junctions with ordinary B-DNA. The matrix
methods developed in the 50’s and 60’s are suffi-
ciently powerful that they can be adapted to solve
almost any problem in linear chain propagation, but
in a field like molecular biophysics it is pointless to
develop theories based on unknown parameters.
These assumptions are under intensive investigation
at the present time and will be discussed below.

The central part of the paper dealt with a proto-
typical model for the combination of static and dy-
namic bending mechanisms: the AA wedge model of
Trifonov et al. [15]. This model was developed in
three stages of increased refinement, partly to inves-
tigate the effect of various approximations, partly to
compare with the results of other workers. Only the
third stage leading to Eq. (17) contains all the as-
pects of the Trifonov model, but the formulas for the
more primitive calculations turn out to be useful
rough approximations. For example for the AA
wedge model, in the region of experimental interest,
Eq. (8) is in error by only a few percent compared to
Eq. (17). This good agreement, however, depends on
the orientation of the AA wedge, and becomes worse
the further the axis or the wedge is removed from the
local pseudo-dyad axis. The static persistence length,
P,, for the AA-wedge model contributes about 25%
to the persistence length, the remainder coming from
thermal fluctuations. These results are in favorable
agreement with an earlier Monte Carlo calculation
[15].
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The results for the single wedge type were easily
generalized to a formula, Eq. (17), in which all
sixteen base pair sequences are associated with their
own local parameters: bend angle, bend orientation
and helical rotation. Within the assumptions men-
tioned above this is a complete solution of the
problem, which averages over sequences, base pair
distribution, and the geometric factors associated
with the links of the helix. Using the BMHT parame-
ters, calculations of the persistence length were made
as a function of ay and composition. For this model
the contribution of static factors to the persistence
length is about 33%.

This general theory was specialized to specific
sequences and formulas were presented for the deter-
mination of the position and link orientation of the
units of a DNA chain. These results are useful for
following the contours of curved DNA’s.

In a earlier paper [15] Trifonov et al. had conjec-
tured that the reciprocal of the static and dynamic
persistence lengths are simply additive to give the
reciprocal of the net persistence length, Eq. (1). This
formula was found to be very accurate (maximum
error of the order of 0.1%) for all the formulas
developed in this paper. As a result one only needs
to calculate a static persistence length (putting a, = 1
in Eq. (15) or (17)) and add on a term for the
dynamic persistence length using Eq. (1). There is a
possibility that this good agreement depends on the
assumption of isotropy, which gives a particularly
simple form to Egs. (5) and (6).

3.1. Comparison with other studies

While these studies were going on, there has been
considerable activity in the field by other investiga-
tors. Very recent papers have appeared by the groups
of Beveridge [30,21], Olson [25,22,23] and De Santis
[14,43] as well as an earlier paper by Zhurkin et al.
[20] Most of this work makes use of molecular
dynamics, energy calculation and minimization, and
Monte Carlo calculations. The calculations of energy
and molecular dynamics go beyond the present work
and will hopefully lead to an evaluation of the
potential function for local conformational distor-
tions of DNA so that the isotropic model can be
supplanted. On the other hand the methodology of
the present paper treats the stochastic part of the
problem in an analytical way, which could obviate

the need to Monte Carlo calculations on long chains.
The method could be easily extended to anisotropic
bending provided the local moments of the distribu-
tion were known from energy calculations.

One paper [25] comes particularly close to our
own treatment in that a formula is derived which is
equivalent to Eq. (8a). There is an important and
interesting difference between the two approaches.
We have followed Trifonov in considering a wedge
to be a bend in the direction of the local helix axis.
Olson et al. base their geometry on the roll and tilt
angles of the plane of the base pair. This has one
immediate advantage in that it automatically sets up
an anisotropy in the bending distribution which fa-
vors bending into grooves. A disadvantage is that the
simplicity of axial helical links is lost when the base
planes are not perpendicular to the helix axis. Bend-
ing with roll ( p) and tilt (7) angles is discussed in
Appendix B. It turns out that the two models are not
exactly equivalent, though the differences are nor-
mally small. However, at the level of the primitive
model (no correlation of the bend angles of adjacent
links) which is discussed in the appendix of the cited
paper, the formula which results is

1
T 1= (Ccos pyy{{cos 7))

This is derived both in the original reference and in
Appendix B, though by different routes. The double
brackets indicate an average over base pair se-
quences and over conformation. Ignoring composi-
tional averages which contribute nothing to the argu-
ment we have the equivalence {cos 6) =
{cos p){cos 7). For angles of the order of 10° the
cosines can be expanded, retaining only the quadratic
terms, to give the relations connecting the two de-
scriptions of bends, 6= pi+ 7; and A6} = Ap”
+ Ar® where the former are static angles and the
latter are mean square deviations. See the discussion
of Eq. (7).

P/

Glossary

ay {cos 8), cos 6,, {cos §;)

6, instantaneous bend angle of wedge,
static wedge angle, instantaneous devi-
ation from 6,

a, as,
0’ 07

S
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@ helix repeat angle

@, orientational angle, relative to x-axis,
of a static bend

o, g, g; {sin 8), sin 6, (sin 6,)

C, S COoS @y, sin ¢,

h rms end-to-end distance of DNA

1 link vector of the mth link

L contour length of DNA

/ link length of DNA, ~ 3.4 A

(My> generator matrix for pure dynamic
bending

M, matrix for the helix operation

M, generator matrix for a static + dynamic

bend at step from base / to J in the
double helix

Ds» Py probability of a static bend, dynamic
(only) bend

P, probability of nucleotide J

P total persistence length of DNA

P, Py static and dynamic persistence lengths

P}, P persistence lengths starting at unit & in

forward and backward direction, re-
spectively

Appendix A. Chain dimensions for systems with
sequence-dependent persistence

By definition the mean square end-to-end distance
is given by

h2=<h-h>=<ilk-ilj>= Z <1k-1]> (A1)
k J

k,j=1i

where ( - - ) represents averaging over all conforma-
tions, # is the end-to-end vector, and I, is the vector
of the kth link. The persistence length is normally
defined as

P~ (1) <1 ZI> (A2)

where n is large enough that the series converges.
For a long inhomogeneous polymer, this is not very
useful since it only deals with the persistence proper-
ties of one end of the molecule. We will want to
consider persistence lengths that start on any unit,
not only the first, and which may fail to converge
when the starting point is too close to the end of a
chain. We will also wish to consider persistence

lengths which are defined in either direction. The
notation P, and P, will be used to denote forward
and backward persistence lengths starting on the kth
unit. With this notation (A.1) can be rearranged to

h2=<i1k.(ili+ ilj—lk)>

j=k
=/}f_:(P,;* +P; =/). (A3)
k

In the last step it was assumed that all link-lengths
are the same. For stiff chains like the worm-like
chain the persistence lengths are long compared with
the link-length so that / can be ignored in the sum,
If further the chain is homogeneous so that P does
not depend on k except near the ends, and is also
very long compared to P so that the ends can be
ignored we have

h*=2n/P,=2LP, (A4)

where L = n/=the contour length of the chain.
This is a standard formula for the worm-like chain
which relates chain dimensions to the persistence
length. For a long heterogeneous chain with average
link angles that depend on position, we can define a
persistence length which is averaged over position
and direction

n p* + P-
P ,=1/nYy +—*~ : u (A.5)
1

Substituting in (A.3), ignoring / compared to the
persistence lengths,

m=2LP, (A.6)

Comparing this with (A.4) we see that for heteroge-
neous, stiff chains the usual persistence length is
replaced by its average over position and direction.

Appendix B. Matrices and their averages
B.1. Isotropic bending of a straight segment

In the absence of known potentials simplified
models must be used to evaluate the loss of persis-
tence caused by thermal agitation. The simplest is
isotropic flexing of one link in the helix relative to
the next, giving an instantaneous change in helix
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Fig. 7. Generation of isotropic distributions. (A) Axial distribu-
tion, represented by cone, generated by averaging the dynamic-
bend matrix, Eq. (B.3); (B) the isotropic distribution at polar
angles (6,,0), Eq. (B.6); (C) the isotropic distribution at polar
angles (6,, ¢,), Eq. (B.8).

direction (Fig. 1). Isotropic bending assumes a distri-
bution function for the local orientation which de-
pends on bending angle, but not on the orientation of
the bend. The isotropic model will be assumed in the
following. Fig. 7A shows one contour of such a
distribution function about the polar axis. A bend
inclined in the x direction is generated by rotating
about the y-axis. The matrix for this rotation is

cos §; 0 sin §
R,(6,) = 0 10 | (B.1)
—sin 6; 0 cos 6,

What is required for the analysis of the isotropic
bending model is the matrix for bending about any
axis in the equatorial plane, at the variable azimuth
¢, relative to the y-axis. The most expedient way to
produce a bend at an arbitrary azimuth, ¢, is to
build it up by a series of rotations about the coordi-
nate axes for which the matrices are simple and well
known. The following scheme is the easiest: (1)
Rotate the object about the z-axis till the desired
bend direction is in the xz plane. This is done with
matrix for a rotation by — ¢, about the z-axis,

cos ¢ sing@; 0
R (—¢)=| —sing, cose¢ O] (B.2)
0 0 J

(2) The unit is now in a position where a bend about
the y-axis is a bend in the ¢, direction, for which we
utilize the matrix (B.1), (3) rotate the unit back into
its original orientation about the z-axis with R (¢g;),
the reverse of R,(— ¢,). The matrix for a rotation by
angle 6, about an axis which is at angle ¢, relative
to the y axis is then given as

M(6) =R ( ‘Pd)R_v( 0,)R.(— ).

Written out in full this is

cos® ¢, cos 6, + sin’ @,
cos ¢, sin @y(cos 6, — 1)
—cos ¢, sin 6,

cos ¢, sin @,(cos 6, — 1)
cos? @, + sin® @, cos 6,
—sin ¢, sin 6,

cos ¢, sin 6§,
sin ¢, sin 6,

cos 6

This must be averaged over the dynamic bending
angle 6, and over the bending orientation specified
by ¢;. Isotropic bending implies a uniform distribu-

tion over ¢,. As a consequence {cos ¢,) = {sin ¢,
= (cos @ sin ¢;) =0; {cos® ¢;) = (sin* @) =
1/2. Also in our notation {cos 6;) = a,. Substitut-
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ing these values, we obtain the average bending
matrix for isotropic, dynamic bending:

(1+a,)/2 0 0
(M(6,))= 0 1+a,)/2 0
0 0 ay

(B.3)

The (1, 1) and (2, 2) elements of this matrix
measure the projection of the x- and y-axes of one
unit onto the x- and y-axes of the next unit of the
helix. For purely isotropic bending these projections
do not enter into the problem, because the x and y
projections of the link vector of the bending unit
always vanishes by symmetry. In the presence of
permanent wedges, however, the link vector is pro-
jected onto the x- and y-axes of an adjacent unit.
These projections will be picked up and passed on
by the isotropic units and can eventually be returned
to the z direction by a second static bend and thus
contribute to the persistence length. Mathematically
the (1, 1) and (2, 2) components of the matrix are
necessary for the projection of vectors which are not
parallel to the z-axis.

It is to be expected that the x- and y-axes have
different projection properties than the z-axis when
the distribution is isotropic with respect to the z-axis.
This can be visualized as follows. If 6, is fixed and
the bend orientation, ¢4, is varied, the local z-axis
will trace out a polar circle as shown in Fig. 7A. At
the same time the local x- and y-axes will trace out
narrow figure eights about their original position.
The average projection of the moving x- and y-axes
on their original directions is (1 + cos 6,)/2.

For helical DNA (B.3) must be multiplied by the
matrix for the helical rotation

cC -5 0
M,=|s ¢ ol (B.4)
0 0 1

where S =sin ¢, and C =cos ¢, to give the com-
plete dynamic bending matrix
C(l+ay)/2 —S(l+ay)/2 0
Mp=|S1+ea)/2 C(1+ay)/2 0
0 0 ay
(B.5)

B.2. Static and dynamic bending for a bend at ¢ =0

We consider now the presence of a static bend of
fixed 6, and ¢, = 0. Superposed on this is thermal
agitation about the fixed bend, again assumed to be
isotropic. This distribution can be generated by rotat-
ing the preaveraged distribution of Fig. 7A by 6,
about the y-axis to produce Fig. 7B.

(M(8,, 0))
=R, (6,){M(§,)
cos O,(1 + ay)/2 0 sin 6, ay
= 0 (1+ay)/2 0
—sin 6,(1 + a4)/2 0 cos 6, ay
(B.6)

Finally, this must be rotated by the helix matrix,
(B.4), to give the complete matrix for a dynamically
averaged, static bend at ¢ = 0,

M,(6,, 0) =M, - (M(8,, 0)). (B.7)

This equation can be used for a simple model with
only one type of static bend, by identifying the bend
axis with the y-axis.

B.3. Static and dynamic bending for a bend at
arbitrary azimuth

For this case we need a bend which forms an
isotropic distribution about the orientation (Hy, qoy),
Fig. 7C. This can be generated by the series of
rotations

<M( b, ¢s)> = Rz( ‘Ps)<M( 6, O)>Rz( _QDS)
(B.8)

where (M(6,, 0)) is given by Eq. (B.6). Written out
this is
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1+ ay 1+ ay
2 (Coq'C‘P52+SQDSZ) 5 C‘Pg'SQDS(CQ_I) oy Cpg s
1+ oy 14+ ay S .
M(6,, ¢)) = S se(ch, ~1) (c@l+s@]-cb) ay-sg, - sb, (B.8)
1+ oy 1+ ay,
- ) C(PS'SGS - 5 S‘Ps'sgs ay 'COS

To cut down the size of this formula for printing we
have used the symbols ¢ and s before angle vari-
ables to indicate sine and cosine. Before averaging,
(M(8,, ¢)) is a composite of six matrices, three for
the dynamic bend and three for the static bend,
which is reduced to four by averaging over ¢,. The
complete matrix for the static, but thermally excited,
bend of a unit is obtained by multiplying (B.7) by
the matrix for the helical rotation, (B.4),

M1A1=Mh'<M(0v (Ps)> (B.9)

There is a matrix for each of the sixteen sequential
pairs of bases.

B.4. Bending in terms of tilt and roll angles

Another way to introduce bends in helical DNA is
by successive rotations about axes fixed in a plane
defined by the base pairs. These are the roll and tilt
angles p and 7 respectively. See Refs. [32] and [22]
for precise definitions. With the proper choice of
coordinates this can be considered as successive
rotations about the x-axis, (7-rotation) and the y-axis
( p-rotation). The matrix for the bend followed by
the helical operation is then,

(M) =<(R.(¢,) R,(p) R(7))

= <R:(¢h)>
cos p sin psinT sin pcosT
0 cos T —sin T
—sin p COS pSINT COS P COST
(B.10)

This is Eq. (6) of [22]. It is of interest to compare the
bending matrix of this model with (B.8), the bending
matrix for a wedge. Euler’s theorem states that these
matrices are equivalent to a simple rotation about a
single axis. We know the axis and rotation for Eq.
(B.8): by definition the angle is 6, and the axis is
equatorial at azimuth ¢,. Euler angles like those of

(B.10) are common in engineering and have been
analyzed in Appendix B of [44]. It turns out that the
two bends are not exactly equivalent. The axis of
rotation of (B.10) is not equatorial but has a z
component of —sin p/2 sin 7/2/sin 6’ /2, where
8" is the angle of the equivalent rotation and is given
by cos 6'/2 =cos p/2 cos 7/2. We note that for
the small angles of DNA bends this gives the good
approximation ' = p* + 72, For typical values of
p = 7° and 7= 2°[25], we find that 6’ = 7.2° and the
axis of rotation is 1° off the equatorial plane.

The difference is unimportant as long as one is
comparing the isotropic versions of the two descrip-
tions of DNA bending, since in this case it is only
the zz elements of the matrices which contribute.
Equating the zz elements of (B.8) and (B.10), assum-
ing no fluctuations, we have cos 6, = cos p, cos 7,
which yields 6= pl+ 17, thereby justifying the
equivalence of the descriptions for small angles. If
one considers the angles to be fluctuating, then
instead of the above, we have (8°) = ( p) + (72).
Introducing static and fluctuating terms we obtain
07 =p;+ 1, as before, and A6 = Ap” + A7-,
where the latter are mean square deviations (see Eq.
(7)). We have assumed that p and 7 are statistically
independent.

Whether or not the non-equivalence of the two
descriptions can be ignored for full matrix calcula-
tions will have to tested by detailed comparisons.
The finite persistence length of DNA results from
small angular deviations so caution will be required
before the slight variation in axis direction can be
considered of negligible importance.
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